The conditional and marginal mean/variance of phenotype Y:
Conditional and Marginal Distribution of Y under Alternative Model
The conditional and marginal mean/variance of phenotype Y:
Where
, where f is the minor allele frequency (MAF) of the SNP. And it can be easily concluded that
Asymptotic Distribution of Likelihood Ratio Statistics for Variance under Non-normality
The null hypothesis for testing equal variance in 3 genotype groups are:
Likelihood Ratio test statistic equals to:
The covariance matrix of u can be written as I 3 ⊗Ω for some 3x3 matrix Ω. Then the characteristic function of LRT v becomes:
where λ j are the eigenvalues of Ω. And the test statistics converges to:
When Y is normally distributed the eigenvalues will reduce to a zero and two 1s and the asymptotic distribution will reduce to
3 Score Test on GxE Interaction Scan
Dependency of Test Statistics
The working model in the whole-genome interaction scan is:
Score statistics:
Since Y ∼ N (0, 1), σ 2 is the variance of normal error term, T becomes:
For a p-SNP scan, the distribution of T 1 , · · · , T p have correlated variance. Thus when
(1−maf) 2 ·n, the genomic inflation factor λ is expected to be lower than 1 and vice versa.
Small-sized sample can be largely deviated from expectation by chance. As n → ∞,
, and thus λ becomes stabled around 1 ( Figure S5 ).
Averaged over outer loop for type 1 error control, location tests will not reveal any problem under S0 design (Table 6 ).
Under Non-Normality
The phenotype data Y 1 under alternative 'empirical' null is generated from:
With conditional expectation and variance:
For example, in S1.1, G new |= {Y, E} in the working model:
E has linear mean effect on Y with increased variance. Thus error term ε has variance depending on E.
Consequently, the asymptotic distribution of score test statistics is expected to have variance larger than 1. Thus empirical type 1 error is larger than nominal level in general regardless sample size. Figure S1 : Marginal and conditional histogram (Top), and normal Q-Q plot (Bottom) of the empirical phenotype data Y 1 when β GE = 1 based on the Aschard's model as described in Table 1 . Figure S2 : Marginal and conditional histogram (Top), and normal Q-Q plot (Bottom) of the empirical phenotype data Y 1 when β GE = 0.2 based on the Aschard's model as described in Table 1 . Figure S3 : Histogram of p-values of the LRT v test under S0 (Left column), S1.1 (Middle column) and S1.2 (Right column) null simulation designs. Simulation of the empirical phenotype data Y 1 was based on the Aschard's genetic model as described in Table 1 with β GE = 0 (Top row), β GE = 0.2 (Top row), and β GE = 0.6 (Top row). Red line represents the Uniform (0, 1) distribution. Figure S4 : Histograms with theoretical normal distribution (Top row), and normal QQ-plots (Bottom row) of phenotype Y1 simulated based on the Aschard's genetic model as described in Table 2 with β GE = 1 for before transformation (Left column), after square root (Middle column), and after log transformations (Right column). .1 (Middle column) and S1.2 (Right column) null simulation desings, when phenotype Y 1 was simulated based on the Aschard's genetic model as described in Table 1 with β GE = 1 for before transformation (Top row), after square root transformation (Middle row), and after log transformation (Bottom row). Figure S6 : Scatter plot of nrep.out = 100 estimated T1E rates for whole-genome interaction GxE scans, each estimated from nrep.in = 10 5 simulated replicates (or SNPs) with a fixed E, under the 'theoretical' null design S0 as described in Table 1 , for sample size n = 10 4 (Left) and 10 5 (Right). Estimated type 1 error
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